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III. PROPOSED METHOD

A. Preliminaries
The input to our method is a sequence of RGB-D frames

consisting of color (or grayscale) images Ii and depth maps
Di. The corresponding color image and depth map are
assumed to be temporally synchronized as well as spatially
registered. Furthermore, we assume temporally dense RGB-
D streams.

We define the projection operator π : R3→ R2:
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and the inverse projection operator π−1 : R2×R→ R3:
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where fx, fy,cx,cy ∈ R are the intrinsic camera parameters.
These operators formalize the conversion between real world
points in 3D space, denoted by (x,y,z)> ∈ R3, and their
projection onto the 2D camera plane, p = ( px, py) ∈Ω⊂N2.

Given the intrinsic camera parameters, the inverse pro-
jection operator and the depth maps Di, we compute the
corresponding vertex maps Vi(p) = π−1(p>,Di(p)) .

Subsequently we will make use of matrix norms
|·|p,q: Rd×Ω→ R+ , which are applied for instance to gradi-
ents of the scene flow, ∇s ∈Rd×Ω. For a matrix A ∈Rm×n

the norm ||A||p,q denotes the q norm of the p-norms on the
elements of matrix A, i.e. ||A||p,q=




 (‖A:1‖p, . . . ,‖A:n‖p)






q.

B. Scene Flow
The goal of scene flow estimation is to compute the three-

dimensional motions of three-dimensional points. To be more
precise, we want to find the scene flow s(p) that maps the
three-dimensional point Vi(p) to its corresponding point in
the subsequent frame Vi+ 1(p′), i.e.

Vi(p) + s(p) = Vi+ 1
�

p′
�
, p, p′ ∈Ω , (3)

with p′ = π(Vi(p)+ s(p)) . Pixel p′ is thus the corresponding
location in Vi+ 1 of pixel p in Vi, which means that the
scene flow needs to be a consistent mapping between the
successive vertex maps Vi and Vi+ 1. This equivalence is the
central scene flow assumption and can also be understood
as a form of depth constancy as discussed in [12], due to
the fact that the vertex maps are directly computed from the
depth measurements.

C. Rigid Scene Flow
We assume that per-pixel motions in three-dimensional

space can be represented as per-pixel rigid transformations,
i.e. rotations R(p) ∈ SO(3) and translations t(p) ∈ R3. This
transformation field is referred to as rigid scene flow. Similar
to Eq. (3) we can derive

R(p)Vi(p) + t(p) = Vi+ 1
�

p′
�

p, p′ ∈Ω , (4)

with p′ = π (R(p)Vi(p) + t(p)) .

The relation between scene flow and rigid scene flow can
be observed by equating the left-hand sides of Eqs. (3) and
(4), which leads to

s(p) = ( R(p)− I3×3) Vi(p) + t(p) , (5)

where I3×3 is the 3×3 identity matrix. We can analyze the
variational regularization of the scene flow by considering the
absolute deviation of two neighboring pixels p, p̄ ∈ Ω with
equal rigid transformations, R(p) = R( p̄) and t(p) = t( p̄):

‖s(p)− s( p̄)‖= ‖(R(p)− I3×3)) ( Vi(p)−Vi( p̄))‖ . (6)

The left-hand side of Eq. (6) is minimized by s(p) = s( p̄),
which in turn leads to R(p) = I3×3 on the right-hand side.
This examination shows that variational regularization di-
rectly on the scene flow s(p), e.g. ||∇s||2,1, actually favors
solutions with vanishing rotations. We can thus significantly
stabilize the computation by regularizing the parameters of
the rigid scene flow estimates instead.

Due to the dense temporal acquisition of the RGB-D
data stream, we can assume the rigid motions to be small.
Applying the Rodrigues’ rotation formula [20] and the small-
angle approximation allows us to rewrite the rotation as

R≈ I3×3 + [ α]× , (7)

with rotation angle θ = ‖α‖, rotation-axis r = α
‖α‖ ∈ so(3),

and the skew-symmetric cross-product matrix [·]×. Using this
approximation for rotations and the anticommutativity of the
cross product, Eq. (5) becomes

s(p) = −[Vi(p)]×α(p) + t(p) . (8)

Subsequently, we will refer to this linearized version as rigid
scene flow and derive an algorithm that estimates the values
of α(p) and t(p).

D. Energy Formulation

After describing the scene flow in terms of local angle α

and local translation t in Sec. III-C, we can now formulate the
problem of scene flow estimation as an energy minimization,
defining the optimal rigid scene flow as the minimizing
arguments of the energy

Escene flow(α, t) = Edata(α, t) + Ereg(α, t). (9)

The first part of this energy, the data term Edata, penalizes
deviations from the rigid scene flow characterizations in our
input data. The second term Ereg is a regularizer, that penal-
izes globally inconsistent solutions based on prior knowledge
about our desired solutions.

a) Data term: The data term consists of two com-
ponents EV and EI, which describe the depth consistency
related to the vertex maps Vi and the brightness consistency
assumption with respect to the RGB images Ii.

The first premise is the definition of rigid scene flow in
Eq. (4), which can be formulated as

Vi(p)− [Vi(p)]×α(p)+ t(p) = Vi+ 1
�

p′(α(p), t(p))
�
, (10)
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Fig. 1. Visual comparison of motion segments for VOSF and Our L 0 approach. The left example shows the static scene fr1-desk, i.e. a scene with one
single motion cluster. This is well approximated by both, although VOSF is not as robust in the upper right corner. The right example shows a dynamic
scene, where both approaches achieve comparable results.

c) An Efficient Subproblem Solver: To solve the energy
functional consisting of the linearized data term in Eq. (24)
and the regularization terms in Eq. (16) and (17), we make
use of Algorithm 2 of the primal-dual hybrid gradient
(PDHG) approach discussed in [7]. This algorithm minimizes
energy functionals of the following kind

min
u

G(u) + F(Ku) . (27)

The solution to this problem under the primal-dual frame-
work is the iterative procedure, where u0 and û0 are taken
from the upsampled, previous solution and y0 = 0

yk+ 1 = proxσnF∗ (yk + σnKuk) (28)

ûk+ 1 = proxτnG

�
ûk− τnK>yk+ 1

�
(29)

θn =
1√

1 + 2γτn
, τn+ 1 = θnτn, σn+ 1 =

σn

θn
(30)

uk+ 1 = ûk+ 1 + θn (ûk+ 1− ûk) , (31)

with σ0,τ0 > 0, σ0τ0L2 < 1 and L = ‖K‖. As proposed in
[26], see also [17], we need to reformulate this algorithm
to use only primal proximal operators, as the non-convexity
of the L0 “norm” invalidates a direct application of the
algorithm. To do so, we apply Moreau’s decomposition [4]
and rewrite Eq. (28) to

(32)yk+ 1 = yk + σnKuk − σnprox 1
σn F

�
yk
σn

+ Kuk

�
.

This transforms the primal-dual structure into a primal-
proximal algorithm, whose convergence properties are
closely connected to non-convex ADMM approaches [31].

d) Primal-Dual formulation: For the primal-dual
framework, we define bEd(v) = ‖v−bdata‖1 and bEr(v) = ‖v‖0,
such that bEd(Adatau) = Edatalin(u) and bEr

�
Aregu

�
= Ereg(u).

Given these definitions, we choose G(u) = 0 and set

u =

�
α

t

�
, K =

�
Adata
Areg

�
(33)

F(Ku) = bEd(Adatau) + bEr
�
Aregu

�
. (34)

The separable sum property of the proximity operator leads
to

prox 1
σn F (q,r) =

 
prox 1

σn
bEd

(q)

prox 1
σn

bEr
(r)

!

, (35)

which finally leads to

prox 1
σn

bEd
(q) = sign(q−bdata) max

�
|q|− 1

σn
,bdata

�
(36)

prox 1
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bEr
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(
0 |r| ≤

q
2 1

σn

r else
(37)

proxτnG (u) = u, (38)

which are the soft thresholding function, the hard threshold-
ing function and the identity function, respectively.

This demonstrates the great attractiveness of the primal
dual algorithm. The intricate non-convex energy constructed
in Eq. (9) in Sec. III-D can be rewritten as a series of linear
operators and simple, point-wise nonlinear operations. This
allows for an efficient implementation that lends itself well to
pixel-level parallel executions interlaced with well-developed
linear algebra calls. Inserting these proximity operators in
Eqs. (28)-(31) yields an primal-dual solver for the linearized
subproblems.

IV. EVALUATION

A. Evaluation Setup
a) Implementation: We implemented our approach in

the PROST framework [16], which is a framework designed
for solving large-scale problems with proximal structure.
This general purpose optimization framework however, does
not allow for a real-time implementation. We note that
the complexity of our optimization algorithm is effectively
equivalent to the PDFlow approach of Jaimez et al. [15],
which runs in real-time.

As shown in the previous section, the behavior of our
algorithm can be controlled through a set of parameters.
Throughout all our experiments, we set these parameters to
λV = 2.0,λdt = 2.0,λda = 0.5,τ0 = 0.25,σ0 = 1.5,γ = 140.
We found these parameters to yield a good trade-off between
robustness and accuracy of our approach.

Our approach segments the rigid motions implicitly. How-
ever, we can compute the segmentation from the final rigid
motion parameters α and t by thresholding and point-wise
multiplication of these values. Fig. 1 shows that these implic-
itly computed motions clusters are competitive to explicitly
computed segmentations.

b) Datasets and Competitors: For comparison and
evaluation, we use RGB-D image pairs from three different
real world datasets, the Bonn multi-body benchmark [27],
the TUM benchmark [28], and the supplemented datasets
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Fig. 2. Color-coded projections of the scene flow estimates of SRSF [18], PDFlow [15], VOSF [14] and our L0 approach on dynamic scenes. Note how
our approach combines both, robustness and accuracy. Consider especially the right arm of the left person in tum fr3-wh or the white board eraser in
vosf-cw.

from Jaimez et al. [14]. Tab. I gives an overview over the
used image pairs. Further examples are presented in the
supplementary material.

For evaluation we compare our method (Our L 0) to the
SRSF approach [18] (rigid scene flow with L1 regulariza-
tion), the PDFlow [15] (scene flow with L1 regularization)
and VOSF [14] (alternating odometry and rigid scene flow).

ID Full Name Dyn Bench. Frames
bonn-tc Tea can y Bonn 700-701
fr1-desk freiburg1 desk n TUM 200-201
fr1-xyz freiburg1 xyz n TUM 203-204
fr3-wh freiburg3 Walk Halfsphere y TUM 1-2
vosf-rob Robot y [14] 1-2
vosf-cw Cleaning whiteborad y [14] 1-2

TABLE I
RGB-D IMAGE PAIRS USED FOR EVALUATION: ABBREVIATION USED IN

THE PAPER (ID ), FULL NAME OF DATASET (FULL NAME ), DYNAMIC

SCENE (DYN), BENCHMARK (BENCH .), AND FRAMES USED (FRAMES).

B. Evaluation without reference flows
A visual comparison of the previously mentioned ap-

proaches shown in Fig. 2. We show a color-coded projection
of the three-dimensional scene flow estimations onto the im-
age plane, which demonstrates the accuracy and robustness
of our approach on real-world data. Compared to SRSF
and PDFlow, our flow estimation contains significantly less
noise and the moving objects in the scene are consistently
estimated. Compared to our approach, VOSF produces vi-
sually smoother scene flows. However, incorporating the

photometric and geometric error measures of valid pixels
shown in Table II, yields that the actual accuracy of our
approach is significantly better. Our indirect regularization
of the scene flow via the implicit L0 segmentation of the
rigid motion components avoids over-smoothing in contrast
to the direct regularization of the VOSF approach.

ID metric SRSF PDFlow VOSF Our L0
bonn-tc PE 0.032 0.031 0.033 0.027

GE 0.023 0.029 0.033 0.018
fr3-wh PE 0.187 0.106 0.094 0.069

GE 0.564 0.634 0.496 0.418
vosf-rob PE 0.054 0.067 0.050 0.040

GE 0.130 0.146 0.127 0.093
vosf-cw PE 0.048 0.037 0.041 0.029

GE 0.068 0.068 0.074 0.045

TABLE II
PHOTOMETRIC ERRORS (PE) AND GEOMETRIC ERRORS (GE) FOR THE

DATASETS SHOWN IN FIG. 2.

C. Evaluation with Reference Flows
The static scenes in Fig. 3 allow for an estimation of the

reference scene flow from the given ground truth camera
pose. This allows for a comparison of the endpoint error
(EPE), i.e. the L2 norm of the differences of ground truth
and estimated scene flow. The EPEs of these two scenes are
shown in Table III, while the color-coded projections of the
scene flows are shown in Fig. 3. It turns out that our approach
leads to a lower EPE. This is due to the fact that the static
scene can be described by a single rigid motion, the motion
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