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Abstract

This paper describes a fast approximate approach for the GPU-basegbutation of 3D Euclidean distance
transforms (DT), i.e. distance elds with associated vector information talibeest object point. Our hierarchical
method works on discrete voxel grids and uses a propagation techriqtle on a single hierarchy level and
between the levels. Using our hierarchical approach, the effort to coenthe DT is signi cantly reduced. It is
well suited for applications that mainly rely on exact distance values closetbdbndary.

Our technique is purely GPU-based. All hierarchical operations andgreed on the GPU. A direct comparison
with the Jump Flooding Algorithm (JFA) shows that our approach is fastdrovides better scaling in speed
and precision, while JFA should be preferred in applications that requimeoge precise DT.

Categories and Subject Descriptascording to ACM CCS) |.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling - Curve, surface, solid, and object represengatio

1. Introduction order to achieve a logarithmic behavior by exponentially re-
ducing the number of propagation steps needed for the DT
computation. The results show that errors can be reduced
signi cantly with minor computational costs. We compare
our approach to the Jump Flooding Algorithm (JFRJ0q

in order to provide hints for the applicability of either algo-
rithm to speci ¢ problem domains.

Signed or unsigned distance elds have many applications
in computer graphics, scienti ¢ visualization and related ar-
eas. Examples are implicit surface representation and colli-
sion detection KLRS04, for skeletonization $T04 or for
accelerated volume raytracing§S 05].

Computing a 3D Euclidean DT is a well studied prob-
lem [Cui99. Depending on the initial object representation,
as voxel grid or as explicit geometric representation, differ-
ent approaches have been proposed. We consider a voxel
grid, where the voxels next to the boundary are classi ed
as interior or exterior, assuming that the boundary is closed.
Concerning the voxel grid approach, there are two major cat- 5 prior Work
egories, propagation methods and methods based on Voronoi
diagrams. Propagation methods propagate the distance infor- This section describes the main approaches to compute DTs
mation to the neighboring voxels, either by spacial sweeping On voxel grids utilizing programmable Graphics Processing

The remainder of this paper is structured as follows: Sec.
discusses related research results. Our hierarchical approach
is described in Se@. In Sec4, experimental results in direct
comparison to the JFA are provided.

or by contour propagation. Units (GPUs).

GPU-based approaches have been presented for DT com- Considering a closed object boundatyy the Euclidean
putation in the 2D case for voxel grid inpu8T04 RTOg distance transform dt for a voxé is de ned as dtP) =
and for 3D polygonal input dat&SPG03SGGMO4. (dty(P); dty(P)), where

Our contribution: The method presented in this paper dig(P)= sp minfk P Qkg;diy(P) = arg minfk P Qkg
works on 3D voxel grid input models and is based on the Qzdw Qzdw
propagation approach. The approach uses a speci ¢ hierar- wheresp denotes the sign w.rdW(1: exterior, -1: interior),
chical technique consisting gfush-downsand pull-upsin and argmig, is an operator returning a poiit constituting
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Figure 1: Two propagation steps (white/yellow: M,
blue/green:+ exterior/ interior) — note thatdt is initialized
with precise sub-pixel references in this example.

the minimum. Thus, ¢P) stores the signed distance and the
pointQ 2 dWclosest tdP.

2.1. The Voronoi Diagram Approach

A Voronoi diagram is a space partitioning into cells w.r.t. to
a xed set of points (als®itesor seeds Each cell contains

all points closest to one seed. It is clear that the DT can be
obtained by setting Voronoi sites onto the object's boundary.

2D Voronoi diagrams can easily be determined using
rasterization techniques. Therefore, cones with a common

opening angle are placed over each seed and the result-

ing scene is rendered from top-view using the OpenGL
depth buffer functionGL_LESS Hoff et al. HKL 99
extend this approach to other geometric objects and to 3D.
Sigg et al. BPG03 and Sud et al. $GGMO0§ present
GPU-based implementations of the Voronoi based approach.

2.2. The Propagation Approach

Consider a DT initialized close w@Wwin the following way:

( (0;P)
(M)

whereM is greater than any distance between grid voxels.

A propagation step for the distance works using a structure
elementM , de ning a local neighborhood:

di'(P)= s min f di(Q) P g

if P2 dw

d(P) = ) o
if P2 W (exterior/interior)

@)

min
2M (

@)

The signsp is taken from dj(P), and dff }(P) is updated
using the selecte®. See Fig.1 for a visualization of two
sequential propagation steps.

A fast variant of this algorithm is given by Tsitsik-
lis [Tsi9q. This approach uses a priority queue approach
to optimize the order of the DT updates. Strzodka and
Telea BT04 present a GPU based 2D approach using an
arc length parametrization fa\W, which, in general, does
not carry over to the 3D case.

Rong and Tan RTOf present the Jump Flooding

apply it to the computation of Voronoi Diagrams and DTs.
We will focus on its application to DT only.

JFA updates the whole voxel grid in each step, but varies
M in each step in order to propagate references across
longer distances. In theth stepM (px; py; pz) isa3 3 3
voxel sub-grid de ned ag(px k;py kpz K)g. Fora
voxel grid with resolutiom® the JFA can be summarized as
follows:

1. initialize the voxel grid according to EqL)
2. fork=n=2;n=4;:::;1do
2.1. reference (and thus distance) propagation for all vox-
els P = (px;py;p2) usingM (P) = f(px  kipy
kipz Kg

The JFA makes la@) loops over the whole voxel grid. Rong
and Tan RTO€ prove various properties of the JFA and
present extensions to the algorithm in order to improve the
accuracy. The two JFA variants are JFA+j, meaning that
additional propagation steps with step-siZe b1 are
performed, and JFA where JFA is applied twice.

In comparison to JFA, the main bene t of our approach is
an asymptotically faster run-time and better scalability be-
tween precision and speed. Moreover, caching is exploited
by storing hierarchy levels in separate textures.

3. Fast Hierarchical Algorithm

This section describes the main steps involved in our hierar-
chical algorithm.

3.1. Algorithmic Overview

Assuming a voxel grid with initialized dt according to
Eq. (1), our Fast Hierarchical Algorithm (FHA) consists of
an iterative down-sampling phase (push-down, see Zig.
and an up-sampling phase (pull-up). During push-down, the
voxel grid resolution is reduced by 2 in each step, de ning
M as the direct 2 2 2 neighborhood w.r.t. the center of

a cell on the ner level. For pull-up also 22 2 neighbor-
hoods are used, here w.r.t. the coarser grid. In the push-down
phase, the DT gets coarser and more imprecise. A full reduc-
tion to a single voxel is not meaningful, thus the number of
levels is limited toN < log(n). For pull-up, the DT from the
ner and the coarser level are combined.

For a voxel grid with resolution® the proposed FHA can
be summarized as follows:

1. initialize the voxel grid according to EqL)
2. forlevelk= 1;:::;N (push-down)

2.1. reference (and thus distance) propagation for all vox-
els on the coarse gril = ( px; py; pz) using2 2 2
neighborhood

3. compute DT on the coarsest level by repeating propaga-
tion steps or by using JFA

4.1. combine DT on levet+ 1 with DT on levelk using
2 2 2neighborhood
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Figure 2: Push-down (left): Computin§f * dt for samples in

a coarse grid. The closest ref. point w.r.t. level k triggers the
push-down to levelk 1 — error (right): dty(Q) is closer to

Q thanSwhile Sis closer toP thandty(Q).

The FHA usually incorporates j additional steps on each
level during pull-up, yielding FHA, either using standard

3 3 3 propagation steps (see E@))(or JFA steps for
k=2 L0, Clearly, the FHA is an approximate algo-
rithm. Fig. 2, right, shows a situation where an error occurs.

3.2. Push-down

In the push-down pass (from ne to coarse resolution), dis-
tance information for voxels touching the object boundary
are propagated to lower hierarchy levels.

This is done by super-sampling surrounding voxels, using
afactor of 2 in each dimension. The @it is combined and
propagated from levek to levelk+ 1 using the following
update rule (see Fi@, left):

k+ldtd(k+lP): Se1p f kdtd(kQ) k+1P g

min
KQ2N o(k*1P)
with sign taken fromdtg(¥* *P), and** L dty(** *P) is up-
dated using the selecté@. Here P andN 2 denote a voxel
on levelk and the super-sampling neighborhood for the re-
duction factor 2, respectively. Note that the voxels initialized
with M are properly handled in the next level, i.e. the ref.
is set for* 1P if at least oné&'Q 2 N »(¥* 1P) has a valid one.

We store all 3D voxel grids as stacks of 2D textures, yield-
ing fast grid updates on the GPU.

3.3. Pull-up

For now, we assume that the correct bt for the coarse
level is given. This is clearly the case for the coarsest level,
because for this level, we calculdtdt explicitly (Sec.3.1).

The pull-up pass (from coarse to ne resolution) works in
much a similar way as push-down (S8c2). Eight surround-

ing samples in the coarse grid around a vdkare checked
and the minimal distance determines the reference point for
P. Since we have already written distance information near
to the object boundary, this step is only performed for points
which contain M as distance. Note that this can be done
because each level is stored separately.

¢ The Eurographics Association 2007.

Figure 3: One DT slice for a notched sphere (left) and the
Stanford bunny (right) — FHA+2,28 grid, push-down un-
til 8% voxels; neg. distance are green, pos. blue; 28 FPS

As mentioned before, the result after a pull-up pass is an
approximation of 1dt. To correct the error, we follow two
strategies: First, FHAj performsj additional propagation
steps on each level. Second, the voxels surrounding the ref-
erence poin&’=K 1 dty(X 'P) resulting from the pull-up
step in the same level are used for a re nement:

k ldtg(k lP):

) min £ X la® Q9 K lp
P, ta(“ *Q9Y 9
with sign taken from® tdty(* P), and® 1d(* P) is
updated using the selectéd'QP.

Ideally, one would like a pull-up that generatEsldt
from ¥ dt without any error, using a minimal number of prop-
agation step$ on each level. Unfortunately, the optimiais
hard to determine, even though a constant error bound for
K 1dt can be given for the general situation.

4. Results and Conclusion

FHA has been tested using implicit and prede ned geome-
tries stored as voxel data (hardware: GeForce 8800 GTS).
Fig. 3 shows the computed distance eld for two examples.

4.1. Performance & Error and Comparison with JFA

To compare both algorithms, we use the following quality
measures: rel. # wrong voxels, avg. distance error w.r.t the #
wrong voxels and max. distance error (in voxel), i.e.

_ ajdg(P) dty(P)j

# of wrong voxels
# wrong voxels

Svoxel = #voxels

emax= maxf dty(P) dty(P) g

where dt is the correct DT. The tests have been performed
on a 32, 64° and 128 grid using the notched sphere.
Comparing the performance, FHA is signi cantly faster than
JFA (Fig.4). A run-time analysis of the fragment programs
involved in our algorithm shows that the push-down and
the pull-up are texture-fetch-bounded, whereas the distance
propagation is computation-bound.

The evaluation of accuracy (Fi§) when taking a large
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Figure 4: Frame rates for JFA and FHA dep. on the number
of additional propagation steps (object: notched sphere).
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Figure 5: Error evaluation — ggxe| iS given in %; note that

for FHA+j, j must be inf 0;:::;log(64) 1g for res.64°.

yields a slight improvement in accuracy, iegexe| is reduced
up to 1% for the 6% grid.

4.2. Conclusion

FHA is faster (123 FPS for FHA vs. 11 FPS for JFA on a
128° grid) but less accurate than JFA for large number of
seeds. For a small number of seeds, the accuracy of FHA+2
is comparable to JFA. Depending on the application, the re-
sulting errors can be acceptable and the performance advan-
tage of FHA is possibly more important in order to achieve
an overall system with interactive frame rates. An example is
given by the level set method. In particular, the hybrid parti-
cle level set technique can bene t from the reference part of
the DT for particle reseeding without requiring full accuracy.
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Finally, replacing thej additional propagations for FHA
usinga3 3 3local neighborhood with the lagtlFA steps
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