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Abstract

Displacementmapping is widely recognizedas
a very useful techniquefor adding visual detail
to low-resolution geometryusing simple texture
maps.Major investigationshave beenmadeto ap-
ply displacementmapsin real-timerendering.Re-
cently, different approachesusing ray-castingon
programmablegraphicsprocessingunits (GPUs)
have beenproposed.

Thispaperintroducesanew techniquefor speed-
ing up per-pixel displacementmapping for high
frequency displacementmaps.The techniqueonly
needsadditional2D-texturesto storeminimum and
maximum-filtered versionsof thedisplacementmap
specifying a safety zone above or below the dis-
placementsurface.Thesezonesareusedfor empty
spaceskippingto �nd valid ray sectioncontaining
all raysurfaceintersections.

Resultsshow, that for relatively high sample-
rates,whichareneededfor highqualityrenderingor
displacementmapswith high frequencies,thenew
algorithmincreasesthe renderingframe-rateup to
100%.

1 Introduction

Adding visual detail to low-resolutiongeometryis
a majorapproachto modelingandimagesynthesis
for decades.Using bitmapsto storethe visual de-
tails becamevery popularwith the introductionof
bump-mappingby Blinn [1] andlaterwith thepro-
posalof renderingandscenedescriptionlanguages
andarchitectureslike Cook's Shade Trees [2] and
REYES [3]. Thebasicconceptin any caseis to ex-
ploit the high resolutioncolor representation(tex-
ture maps) over �at polygonsto storeadditionalge-
ometricinformationlike normals(normal maps) or
displacementvalues(displacement maps).

Displacementmappingcan be seenas a tech-
niquewhichdramaticallyreducesthecomplexity of

a geometryby storing3D dataw.r.t. few reference
polygonsin a simple2D-texture. The major chal-
lenge,however, is theusageof this kind of geome-
try representationin real-timeimagesynthesis.

In earlyapproachesthedisplacementmaprepre-
sentationhasbeenconvertedto explicit polygonal
geometrybeforerendering,thus reversingthe ge-
ometric complexity reductionto a certainextend.
Cook et.al.'s REYES-architecture[3] usesmicro-
polygons for of�ine rendering of displacement
mapshaving one polygon for eachdisplacement
pixel.AdaptiveapproacheslikeLeeet.al.'s[12] dis-
placed subdivision surfaces attemptto control the
polygonalre�nement level usinggeometricerrors.
Additionally, the viewer position can be incorpo-
ratedin thepolygonalre�nementstep(e.g.Doggett
andHirche[4]). Theapproachtakenby Moule and
McCool [13] usesupperandlower boundsof dis-
placementmapsover speci�c regionsto controlthe
screenspaceerror. Their techniquewhichhassome
relation to the safety-zonesproposedin this paper
(seeSection3.2).

Anothermajor directionof researchfor render-
ing displacementmappedgeometriesis basedon
rasterization of the displacedgeometryin screen
space.First approachesadaptively insertverticesin
thebasepolygonmesh[5, 7]. Wanget.al.[17] intro-
ducea renderingtechniquebasedon several view
dependentdisplacementmaps.

Anotherproposedtechniqueis theper-pixel ras-
terization of displacementmapsusing ray-casting
techniques in combination with programmable
graphicsprocessingunits (GPUs).Hircheet.al.[9]
generateone ray per pixel when rasterizingthe
boundingprismsof the displacedgeometryover a
basetriangle.The point of intersectionof the ray
with thesurfaceisdetectedusingaregularsampling
schemealongtheraysandlighting is performedat
the approximatepoint of intersection.Donelly [6]
describesan accelerationusing3D distancemaps.
Policarpo et.al. [15] introduce a GPU-basedim-
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plementationof the so-calledrelief mapping [14].
Onecoreelementof this algorithmis thecomputa-
tion of intersectionsbetweenviewing raysanddis-
creteheight-�elds.Policarpoet.al.[15] additionally
incorporateda binary searchinto the intersection
computation.Kaneko et.al. [10] introducethe so-
calledparallax mapping, whichtriesto estimatethe
correctionof thedisplacementmaptexturecoordi-
natefor non-perpendicularview angles.

This paperproposesa new techniquefor the ef-
�cient computationof intersectionsbetweenraysin
viewing directionanddisplacementmapsfor high
frequency data.Thesekind of imagesneeda rather
high samplingrate along the rays (seeFigure 1).
The key elementof the proposedtechniqueis an
empty-spaceskippingapproachwhichsigni�cantly
speedsup the intersectioncalculation.Especially.
for nearlyview-alignedbasepolygonstheintersec-
tion calculationneedsonly a few searchsteps.For
silhouetteregionsthespeed-updependson thedis-
tanceof the closestto the furthest intersectionof
theraywith thedisplacementsurface.Comparedto
Donelly's technique[6] this approachonly needs
to two additional2D-texture mapsto storemaxi-
mum andminimum filtered displacementmaps.The
emptyspacerepresentationyields a moreaccurate
surfaceapproximationthan the 3D distancefunc-
tion proposedby Donelly [6].

Figure1: Exampleof a too low andanappropriate
samplingrate.

The reminderof this paperis structuredas fol-
lows.Section2 givensanoverview onrelatedwork,
especiallyon Hirche et.al. [9] per-pixel displace-
mentmappingtechniquealsousedin our renderer.
Thenew techniquefor ef�cient intersectioncompu-
tation using empty spaceskipping is presentedin
Section3. Someimplementationissuesarehandled
in Section4 andSection5 statesresultsusingvari-
oussampledatasets.Final conclusionsaregivenin
Section6.

2 Related Work

Thissectiongivesabrief descriptionof majortech-
niquesthat have beenintroducedin the context of
per-pixel displacementmapping.In Section2.1 the
basic approachof GPU-basedper-pixel displace-
ment mapping basedon Hirche et.al. [9] is ex-
plained.Thekey ideasof �nding ray-surfaceinter-
sectionsusedup until now aregivenin Section2.2.

2.1 Per-pixel DisplacementMapping

In the following, a triangular base mesh con-
sisting of verticesf V i g with correspondingnor-
mal vectors ~n i and triangles f � ij k g; � ij k =
�( V i ; V j ; V k ) is given.Thedisplacementsurface
over thebasemeshis de�ned usinga displacement
map (or displacement texture) M : [0; 1]2 ! [0; 1]
andtexturecoordinatesSi for eachvertex V i

F (P) = P + M (S(P )) � ~n(P )

where~n(P ) andS(P) arethelinearly interpolated
normal and texture coordinatefor P 2 � ij k , re-
spectively.

The basic idea of per-pixel displacementmap-
ping is to rendertheboundingprismde�ned by the
basetriangleandthe“lid” givenby V i + ~n i ; V j +
~n j ; V k + ~nk . For eachrenderedpixel, the entry
point E andexit point X is computed.The major
taskis to �nd the intersectionof ray EX with the
displacementsurface(seeFigure2).

~n i

~n k

P k
E

P j

X

~n j

P i

Figure2: Boundingprismoverbasetriangleandcut
throughdisplacementsurfacealongray in view di-
rection.

In general,the boundingprism's facesarenon-
planar, makingthecomputationof E andX a very
dif�cult task.ThereforeHircheet.al.[9] useasplit-
ting techniqueto decomposea prism into three
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tetrahedra,wherethesplitting takescareof consis-
tency for neighboringbasetriangles.

Therenderingof theresultingprismsis doneus-
ing Shirley andTuchman's [16] projective tetrahe-
dra algorithm.This approachguaranteesa proper
computationof E andX utilizing theprojective in-
terpolationperformedduring rasterization.There-
fore,�rst theorientationof thetetrahedronfrom the
viewer's position is classi�ed. Eachtetrahedronis
decomposedinto triangles,whereattributesrepre-
sentingtheentryandtheexit pointsareassignedto
trianglevertices,suchthat interpolationyields the
properper-pixel valuesfor E andX .

2.2 Ray-SurfaceIntersection

The intersectioncalculationtakes placein a frag-
mentprogram.All necessaryquantitieshave been
perspectively interpolatedand the entry and exit
pointsarepresentasvaryingdatain theprogram.

Hirche et.al. [9] usefour samplesalong the ray
EX . They usea rather�ne tessellatedbasemesh
in order to get a more densespacialsamplingto
handlehighfrequency dataproperly. If araymisses
the surfacethe correspondingpixel is discardedin
the fragmentprogram.Policarpoet.al.[15] usead-
ditional binary searchstepsto re�ne the intersec-
tion point for their relief mappingtechnique.They
useup to 32 uniformstepsandabout6 binarysteps
bysuccessively evaluatingthemid-pointbetweento
samples.Donelly [6] usesa 3D-texture D to store
the minimal distancefor any 3D-point within the
boundingprism to the displacementsurface. For
eachcurrentsamplepoint P thespherewith radius
D (P) can be skippedwithout hitting the surface
(seeFigure3).

px ; py

D (P )

Figure 3: Adaptive samplingusing distancemaps
afterDonelly [6].

From the point of texture-caching,the usage

of 3D-texturesis critical. Using large 3D textures
might lead to inef�cient texture caching,e.g. to
stop-and-wait problems.Additionally, the distance
mapis quiteconservative sinceit setsthestep-size
independentfrom theraydirection.

3 Intersection Computation using
Empty Space Skipping

This sectiondescribesthe new approachfor de-
terminingintersectionsbetweenraysanddisplace-
mentsurfaces.First, Section3.1 givesanoverview
on the intersectioncalculation.Thekey ideaof the
algorithmis anemptyspace(safety zone) skipping
techniqueusingmaximum andminimum filtered dis-
placement maps, i.e. dilationsanderosions,respec-
tively (Section3.2).Section3.3givesthedetailson
how to determineminimal raysegmentscontaining
all ray-surfaceintersectionsutilizing safetyzones.
Finally, a parallelversionof theemptyspaceskip-
ping techniqueusingup to four differentbox-sizes
for the dilation and erosionis introducedin Sec-
tion 3.4.

3.1 Overview of the Algorithm

During rasterization,for eachrasterizedpixel the
entryandtheexit point,E andX , respectively, are
computed.Theray in viewing directionis givenas1

P(� ) = E + � r̂ ; r̂ = X−E
‖X−E‖ ; � 2 [0; kX � Ek]

To describethe current ray segment,the minimal
andmaximalparameter� 1 and� 2 arestored.From
anabstractpointof view, theprocessingfor asingle
fragmentin the fragmentprogramis composedof
thefollowing steps:

1. if entrypoint E below surface:discardpixel
2. performemptyspaceskips

2.1. forwardstep:update� 1 w.r.t. thedilation
mapatpositionP(� 1)

2.2. backward step: update� 2 w.r.t. the di-
lation or erosionmap, if point P (� 2) is
above or below surface

2.3. if � 1 > � 2 : discardpixel
3. perform regular samplingwithin [� 1 ; � 2 ] to

�nd �rst intersection
if no intersectionfound:discardpixel

4. performbinarysearchsteps

1r̂ denotesa unit vector
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5. light intersectionpoint
The �rst stepsimply performsa culling of back-
faces.

In contrastto Policarpoet.al. [15], the binary
searchtechniqueexploits the currentvertical dis-
tancesd betweena point2 P on the ray and the
displacementsurfacewith mapM : d(P ) = pz �
M (px ; py ). For the current interval [� 1 ; � 2 ] with
d(P (� 1)) � 0; d(P (� 2)) < 0 a bisectionstepis
performedasfollows:

P = P(� ); where� =
d(P (� 1))

d(P (� 1)) � d(P (� 2))

d = pz � M (px ; py )

Dependingon thesignof d, theinterval [� 1 ; � 2 ] is
updated,i.e. if sgn(d) � 0, then � 1  � , else
� 2  � .

Final lighting is donewith the Blinn-Phongal-
gorithm using the surfacenormal which is stored
togetherwith the displacementvaluesin a single
RGBA-texture.

3.2 Safety Zones Based on Filter ed Dis-
placementMaps

Theemptyspaceskippingapproachis basedupon
thedilation M �

dil andtheerosionM �
er o of the dis-

placementmapM :

M �
dil (S) =

maxf M (S′) :
�
�s � s′

�
� < � ^

�
� t � t ′

�
� < � g

M �
er o(S) =

minf M (S′) :
�
�s � s′

�
� < � ^

�
� t � t ′

�
� < � g

whereS = (s; t) and� > 0 is thesizeof theregion
in s and t direction.Figure4 shows two different
sampledilations.

M � 1
dil

M � 2
dil

M

� 1

� 2

0 1

Figure4: Two differentdilationswith � 1 < � 2 for a
givendisplacementmap.

2coordinatenotation:P = (px ; py ; pz )T

Basedon a dilation mapM �
dil a safety zone R �

dil

can be de�ned, whereno portion of the displace-
mentsurfacesintersects.Rdil is describedin local
prismcoordinates,i.e. in displacementtexturecoor-
dinates,andvariesover the locationS on the base
triangle.

R �
dil (S) =

f Q : qz > M �
dil (S) ^










�
s � qx

t � qy

� 







∞

< � g

Herek�k∞ is thein�nity norm,i.e.



 (x; y)T





∞ =

maxfj xj ; jyjg. Figure5 illustratesthe safetyzone
for onespeci�c dilationat texturecoordinateS.

M �
dil

M

1�S0

R �
dil (S)

Figure5: SafetyzoneR �
dil (S).

The conceptof de�ning safetyzonesappliesto
erosionsin a similarway. Heretheregion R �

er o lies
below thedisplacementsurface.

R �
er o(S) =

f Q : qz < M �
dil (S) ^










�
s � qx

t � qy

� 







∞

< � g

The following section will explain, how safety
zonesbelow andabovethedisplacementsurfaceare
usedto excluderay segmentsthat containno ray-
surfaceintersections.

3.3 Minimal Intersection Ray Segments

During rasterizationof theboundingprism,theen-
try and the exit point, E and X , respectively, are
computed,describingthe ray throughthe prism in
viewing direction. Additionally, a dilation and an
erosionmapof displacementmapis given.It is as-
sumed,thatE lies above thedisplacementsurface,
otherwisethe pixel is discardedyielding a culling
of back-faces.

For now, it is premisedthat r̂ is “pointing down-
ward”, i.e. r z < 0 in prism coordinates.Let P =
P(� 1) denoteanarbitrarypoint on theray that lies
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within it' s correspondingsafetyzoneR �
dil (px ; py )

above the surface. Proceedingalong the ray, the
safetyzoneis left, whentherayhitsthelowerbound
of theregion or thehorizontaldistanceexceedsthe

dilationvalue� �
k( r x ;r y )k2

k( r x ;r y )k∞
, whateveroccurs�rst.

The fraction
k( r x ;r y )k2

k( r x ;r y )k∞
compensatesfor the fact,

that thedilation andtheerosionarebuild usingthe
1 -normandtheraylengthis measuredaseuclidian
distancein displacementtexturecoordinates.

Simple calculusyield the relative � -parameter
for the intersectionof the ray with the safetyzone
boundaryrelatedto thecurrentpositionP(� 1)

� �
1(P ) = min

�
M �

dil (px ; py ) � pz

r z
;

�
k(r x ; r y )k∞

�

yielding theintersectionpointP (� 1 + � �
1(P )) .

�

M

M �
dilr̂

P(� 1 )
P(� 1 + � �

1 (P))

Figure6: Calculatingtheintersectionof theraywith
theboundaryof thesafetyzone.

In asimilarway, � �
1 is computed,if theraypoints

upwardswithin the prism, i.e. r z > 0. Here, the
intersectionwith the upper boundaryde�ned by
z = 1 hasto bechecked,yielding

� �
1(P ) = min

�
1:0 � pz

r z
;

�
k(r x ; r y )k∞

�

Sincea minimal raysegmentis desired,not only
themaximumfor � 1 , startingfrom theentrypoint
E, but alsotheminimumparameter� 2 goingback-
wardsfrom theexit pointX needsto bedetermined.

In order to �nd the relative parameter� �
2 , the

following situationsfor theendpoint X aredistin-
guished.

X above surface: In this case,againthedilation
map is usedcomputingthe backward intersection

with thesafetyzoneboundary. Again,thecomputa-
tion for an arbitrarypoint P above the surfacede-
pendsuponthesignof r z :

if r z < 0 : (checkupperboundary)

� �
2(P ) = min

�
1:0 � pz

r z
;

� �
k(r x ; r y )k∞

�

if r z > 0 : (checklower boundary)

� �
2(P ) = min

�
M �

dil (px ; py ) � pz

r z
;

� �
k(r x ; r y )k∞

�

X below surface: Here,theerosionmapis used.
For anarbitrarypoint P below thesurfacethe fol-
lowing conditionsarededuced

if r z < 0 : (checkupperboundary)

� �
2(P ) = min

�
M �

er o(px ; py ) � pz

r z
;

� �
k(r x ; r y )k∞

�

if r z > 0 : (checklower boundary)

� �
2(P ) = min

�
� pz

r z
;

� �
k(r x ; r y )k∞

�

Both casesassume,that the exit point X lies
within thecorrespondingsafetyzonefor thedilation
or theerosionmap.In varioussituation,theresultis
anemptyraysegment,i.e. � 1 > � 2 , indicating,that
thereis no intersectionat all.

3.4 Parallel Multi-Channel Computation

Dependingon the ray direction,onewould like to
have differentbox-sizes� for the dilation andero-
sion.For “steep” raysa small � allows largersteps
along the ray, whereas“�at” raysneedlarger val-
uesof � to excludesigni�cant ray portions.Since
the computationderived in Section3.3 is donein
a fragmentprogram,it canbeeasilyextendedhan-
dling up to four differentbox-sizesat no additional
costs,sinceeach� -�ltered mapis storedin onetex-
turecomponent.

Usingseveraltexturecomponentsatonce,theef-
fective safetyzoneis the union of all safetyzones
for individual � (seeFigure3.4).
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P

Figure7: Effective safetyzonefor four dilationsin
comparisonwith a distancesphere.

Figure 8 shows a samplefour-channeldilation
texturefor theangeldisplacementmap.

Figure8: Displacementmap(left) andfour channel
dilation (right) for theangeldataset.

4 Implementation

The displacementrendererhasbeenimplemented
in OpenGLusingCgversion1.3for GPUprogram-
ming andan NVIDIA GeForce6800GT graphics
cardwith 256MB videomemory.

The following Cg-codeexcerpt for oneforward
dilation stepshows the detailsof theparallelcom-
putationfor multi-channelmaps.Thiscodegetsthe
following input data:entry, aMin, ray, the
entrypointE, theinitial valuefor � 1 andtheraydi-
rectionasunit vector. Additionally, theglobalfour-
componentdilationdilMap with box-sizedelta
as4-vectoraregiven.

float3 P_1 = entry + aMin*ray;
float maxNorm = max(ray.x, ray.y);
float4 dilVal = tex2D(dilMap,P_1.xy);
float4 a4 = 10000..xxxx;

// which channels are valid?
float4 valid = (P_1.zzzz>dilVal);

// 1: check ceiling
if ( ( ray.z > 0.001 ) )
a4 = (1..xxxx-P_1.zzzz)/ray.z;

// 2: check floor

else if ( ( ray.z < -0.001 ) )
a4 = (dilVal-P_1.zzzz)/ray.zzzz;

// 3: check box-wall
a4 = min(a4,valid*delta/maxNorm);

// find maximum
float2 a2 = max(a4.xy, a4.zw);
aMin = aMin+max(a2.x,a2.y);

Thevariablevalid storestheper-channelinfor-
mation,whetherthecurrentsamplepoint P 1 is in
thecorrespondingsafetyzoneor not. If thepoint is
outside,theresultingrelative parameter� �

1 is 0.

5 Results

For testing purposes,a �x image resolution of
5122 pixels is used. The fraction of the image
coveredby a displacementsurfacedependson the
viewers position and signi�cantly in�uences the
frame-rates,sinceonly thosepixels are processed
by the fragmentprogram.All the renderingshave
beendonewith a simple basemeshconsistingof
two trianglesonly.

Figure9: Thedatasetsusedfor testingtheproposed
approach;simplemap(left), spikes(center)andan-
gel (right).

The test data sets are shown in Figure
9. In the following the �lter box-sizes w.r.t.
the displacement map resolution are set to
(3:125%; 6:25%; 12:5%; 25%).

First, theresultsaregivenin caseof viewing the
different displacementsurfacesperpendicularand
in nearly tangentialdirection w.r.t. the basepoly-
gon.The emptyspaceskippingspeedsup the ren-
dering30� 100%for viewing directionperpendic-
ular to thebasepolygon.In thetangentialsituation,
thecostsfor theemptyspaceskippingandit' s ben-
e�t for theregularsamplingcancelsout (seeTable
1).
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Data &
Constellation

0 Skips 1 Skip 2 Skips

Simple(perp.) 15.0 20.0 20.0
Simple(tang.) 57.0 59.0 55.0
Angel (perp.) 14.9 20.0 20.0
Angel (tang.) 29.9 30.0 30.0
Spikes(perp.) 10.0 20.0 15.0
Spikes(tang.) 30.0 30.0 30.0

Table1: Frame-ratesfor 75 samplesdependingon
the numberof empty spaceskips for variousdata
setsfor perpendicularand tangentialview on the
displacementsurface.

Investigatingthis in moredetailw.r.t. theviewing
angle,it canbe found, that this cancellationeffect
actuatesat angelsabove 60 � 70◦ (seeTable2).

Skips 0◦ 15◦ 30◦ 45◦ 60◦ 75◦

0 15 15 15 15 20 30
1 20 20 20 20 30 30
2 20 20 20 20 30 30

Table2: Frame-ratesfor 75 samplesdependingon
the viewing angleandthe numberof emptyspace
skipsfor theangeldataset.

Testwith close-upviews of theangeldatasetex-
posethe visual quality of the resultingrendering.
The visual quality only dependson the sampling
rate and the numberof binary searchsteps(see
Figure10). Theperformancegainusingtheempty
spaceskippingis about20� 50%. Thecorrespond-
ing performancevaluesaregivenin Table3.

6 Conclusions

Basedon theper-pixel displacementmappingtech-
nique from Hirche et.al. [9] a new techniquefor
ef�cient empty space skipping has been intro-
duced.Thetechniqueneedsonly two additional2D-
texturesto describesafetyzonesbasedonminimum
(erosion)andmaximum(dilation) �ltered versions
of thedisplacementmap.Thesezoneslie aboveand
below the surfacefor dilation anderosion,respec-
tively. A ray in viewing direction can passthese
zoneswithouthitting thedisplacementsurface.The
techniqueusesa multi-channelapproachto handle

Sample-Rate # Bisections # Skips FPS
10 0 0 30.0
10 2 0 30.0
40 2 0 15.0
40 2 1 19.6
40 2 2 19.9
75 2 0 10.0
75 2 1 12.0
75 2 2 15.0

Table3: Frame-ratesfor differentcombinationsof
sample-rate,number of binary searchstepsand
empty spaceskips for the close-upof the angle
dataset.

four different�ltered versionsto adjustfor various
viewing angles.Different test scenariosare given
demonstratingthe speedupperformedby the new
technique,which is moresigni�cant for nearlyper-
pendicularviewing directions.
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Figure11: Displacementmap(left), four channeldilation (center)andfour channelerosion(right) for the
angeldataset.

Figure12: Renderingthespikesdatasetwith high frequency using10, 10 and75 samplesperunit length
and0, 2 and2 binarysearchsteps(from left to right).

Figure13:Renderingaclose-upof theangeldatasetusing10,10,40and75samplesperunit lengthand0,
2, 2 and2 binarysearchsteps(from left to right).
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