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An Object-Oriented Appr oach to Curves
and Surfaces

Philipp Slusallek
Reinhard Klein
Andreas Kolb
GÈunther Greiner

Applications in computer graphics and geometric modeling generally require the integration
of a variety of curve and surface types into a single system. Object-oriented design offers
the opportunity to use the inherent hierarchical structure of curves and surfaces to solve
this problem. This paper presents a top down approach to the design of an object-oriented
framework for curves and surfaces together with its C++ implementation. We start from an
abstract class of general differentiable curves and surfaces and in turn re®ne this design
to various parametric representations of curves and surfaces. This design includes all of the
standard curve and surface types and provides a powerful and uniform interface for applications.
Examples from differential geometry, blending, and scattered data interpolation illustrate the
approach.
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2.2 Parameteriz ed Curves
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Figure 1: Schematic view of the class hierarchy. Ovals indicate abstract classes,
rectangles actual implementations, solid arrows derivation in the class hierarchy,
and dotted arrows references between related classes.
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2.6 Vertex Surface
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2.7 Parameter Region
Ú

…�‚-žgŠE…-–@‰�Šy…�„y‡YšŒ‰�†n•�…�‚(’;šn‡@¸�‹(•Ešn‡.Û�‚(…7·¬Š�‡Y•(ƒ�‡G‰�­®…�‹�†�†n•(‡,•(…�“ ‰�•�‚N…�™]†n•(‡,’n‹�še™¨‰�–Y‡�•�•‘•(‡.„(še…�­(Š�‡Y“Ü•E’

†Œ•(‰�†‘†Œ•(‡.•(…�“$‰�•E‚Ÿšn‡Yƒ�•�…�‚N•�’‘‚(…�†o‰—…�‚�‡sžg•�•�“”‡@‚(’e•�…�‚�‰�Šy•E‚�†n‡@šlˆ�‰�Š�œ�­�‹�†w‰°še‡@ƒ�•E…�‚N•�‚Ÿ†g·&…”•(•�“”‡@‚(’e•�…�‚�’

†Œ•(‰�†o–@…�‹(ŠE•C­y‡.‚(…�‚�žg–@…�‚(‚(‡@–s†Œ‡Y•´‰�‚(•«­y…�‹(‚(•(‡Y•!­�©Ÿ™cšn‡Y‡sž�™c…�šn“Ý–Y‹(šeˆ�‡@’Y•y•‘•(•E’¬•�’¬…�™¶†Œ‡Y‚«†n•(‡.–"‰�’e‡G™c…�š

†Œše•�“”“ ‡Y•Ÿ™cšn‡Y‡sžu™c…�šn“Ü’e‹(še™¨‰�–@‡�•

Þ
‚N…�šn•(‡Yš�†Œ…—’n…�ŠEˆ�‡w†Œ•(•E’�„(šn…�­(Š�‡Y“Ñœ�†Œ•(‡M–Y…�‚(–Y‡@„�†o…�™`‰³„�‰�šn‰�“”‡Y†Œ‡Yš�šn‡Yƒ�•�…�‚Ÿ•�’�•E“ „�Š�‡@“”‡@‚�†n‡@•Ÿ•E‚C‰�‚

‰�­(’l†Œšn‰�–Y†B–@Š˜‰�’n’.ß

Ã�½-Ã�à-á(¼�â�ã�ä9å

•¯•‘•(•�’1–@Š˜‰�’n’G–"‰�‚Ò­®‡”¸�‹�‡@šn•E‡@•Ì™c…�š1’e‹(–�•Ò•�‚-™c…�šn“ ‰�†Œ•E…�‚æ‰�’1„y…�•E‚�†1•E‚

šn‡Yƒ�•�…�‚Žœ�†Œ•�‡G­®…�še•(‡@š¬‰�’o‰—’n‡s†[…�™¯­®…�‹(‚(•�•�‚(ƒ°–@‹�šeˆ�‡Y’@œ®‰ ç�èwžg­®…�‹(‚(•�•�‚(ƒ³­®…"¡yœ�‡Y†Œ–�•E•

•‘•�‡Íše‡@ƒ�•E…�‚é–"‰�‚ê‰�ŠE’n…ëšn‡s†Œ‹(še‚V‰ì†Œ‡Y’n’n‡YŠ�Š�‰�†Œ•E…�‚í…�™1•E†Œ’e‡@Š•™È•�•‘•(‡æ†Œ‡@’e’n‡YŠ�Š˜‰�†Œ•�…�‚í–"‰�‚U‡@••†Œ•(‡Yš«­®‡Í‰

’n•E“ „�Š�‡@šBšn‡@„�šn‡@’e‡@‚�†�‰�†Œ•�…�‚ïîc­y…�‹�‚(•(‡@•Î­�©ì„(•�‡Y–@‡s·¬•�’n‡CŠE•�‚(‡@‰�š³–@‹�šeˆ�‡Y’�ð°…�š°‰Í’e‡Y†”…�™o†Œše•˜‰�‚(ƒ�Š�‡@’Y•¯•‘•(•E’

…�ªy‡@še’ ’e‹(„(„®…�še†°™c…�š°“ ‰�‚�©ì’e†Œ‰�‚(•�‰�še•ñ‰�ŠEƒ�…�še•E†Œ•�“ ’Y•
Ú

…�†Œ‡�œ�†n•�‰�†°†Œ•�•�’—†Œ‡Y’n’n‡YŠ�Š�‰�†Œ•E…�‚ì“ ‡s†Œ•(…�•ò•(…-‡Y’

‚(…�†wÛ�‚(…7·ó‰�­y…�‹�†¬†Œ•(‡1’n‹(šl™¨‰�–@‡1­(‹�†M…�‚(ŠE©C…�„®‡@šn‰�†Œ‡Y’w…�‚Ñ†Œ•�‡B„�‰�šn‰�“”‡Y†Œ‡Yšwše‡@ƒ�•E…�‚Ž•

²

•E“ •EŠ˜‰�š;“ ‡Y’n•(•E‚(ƒ

“”‡Y†Œ•�…-•(’M‰�šn‡—•E“ „(ŠE‡@“”‡@‚�†Œ‡Y•!™c…�šM’e‹(še™¨‰�–@‡@’YœŽ·¬•(•�–�•´†n•(‡@‚æ•�‰"ˆ�‡”‰�–Y–@‡Y’n’,†Œ…Ÿ†n•(‡—’n‹(šl™¨‰�–@‡°„(še…�„®‡@še†n•�‡Y’

†Œ…°…�­-†�‰�•E‚Ñ‰�‚Ñ‰�•�‰�„�†n•Eˆ�‡,†n‡@’n’e‡@ŠEŠ˜‰�†n•�…�‚Žœ-‡�•3ƒ(•�­�‰�’e‡@•«…�‚C†Œ•(‡.’n‹�še™¨‰�–Y‡G–Y‹(šeˆ�‰�†n‹(šn‡�•

Þ
‚”†Œ•(•E’&’e‡@–s†Œ•�…�‚ ·&‡[•�‰"ˆ�‡[…�‹�†ŒŠE•�‚(‡Y• …�‹(šº™cšn‰�“”‡Y·&…�šnÛ³™c…�šº–@‹�šeˆ�‡Y’‘‰�‚(• ’n‹(šl™¨‰�–@‡Y’@œ-•E†Œ’�“”…�’e†&•�“”„®…�šlž

†�‰�‚�†w–@…�‚(–@‡Y„�†Œ’Yœ|‰�‚�•Ñ†Œ•�‡@•�š¬•E“ „(ŠE‡@“”‡@‚�†�‰�†Œ•�…�‚N‰�’[É‘ôGôÙ–YŠ˜‰�’e’n‡Y’@•®¢�šn…�“Ü†n•(‡@’e‡B“ ‰�‚�©C…�†Œ•�‡@šo–@Š˜‰�’n’n‡Y’

•�‰"ˆ�‡N­®‡@‡Y‚ì•(‡@še•Eˆ�‡@•ì·¬•(•�–�•ì‡Y•E†n•(‡@š³•E“ „�Š�‡@“”‡@‚�†1’n„®‡@–Y•˜‰�Šº–@‹(šlˆ�‡«‰�‚(•Ì’n‹(šl™¨‰�–@‡Nše‡@„(še‡@’n‡Y‚�†�‰�†n•�…�‚(’—…�š

·¬•(•E–�•—ž5‰�’Æ“”‡Y†�‰w…�­�õe‡@–s†Œ’¯ž?…�„y‡YšŒ‰�†n‡�…�‚—…�†n•(‡@šµƒ�‡@…�“”‡Y†nšn•�–&…�­�õe‡Y–Y†Œ’Y•

²

‡Yˆ�‡@šn‰�Š�‰�•�ˆ�‰�‚�–@‡@•”‰�ŠEƒ�…�še•E†Œ•�“ ’

™c…�š�†n‡@’n’e‡@Š�‰�†Œ•E‚(ƒ°„�‰�šŒ‰�“ ‡s†Œ‡@š‘še‡@ƒ�•E…�‚(’¬‰�‚�•Ñ’e‹(še™¨‰�–Y‡@’o•�‰"ˆ�‡1‰�Š�’e…—­y‡Y‡@‚Ñ•�“”„(Š�‡Y“ ‡Y‚�†n‡@•Ž•

3 Applications
Þ

‚æ†Œ•(•E’,’n‡@–s†Œ•E…�‚´·;‡°•�ŠEŠ�‹(’l†Œšn‰�†Œ‡B†n•(‡—­®‡@‚(‡s±(†Œ’G…�™º†Œ•(•E’,…�­�õe‡@–s†ežu…�šn•E‡@‚�†Œ‡Y•Í™cšn‰�“ ‡s·;…�šnÛÑ™c…�šM†Œ•(še‡@‡°•(•E™˜ž

™c‡@še‡@‚�†w‰�„(„(ŠE•�–@‰�†Œ•E…�‚(’@ö

¢�…�šy†Œ•(‡Æˆ�•�’e‹�‰�Š�•EÔ"‰�†n•�…�‚[…�™�–Y…�‚(–Y‡@„�†n’]™cše…�“V•(••ª|‡Yšn‡Y‚�†n•˜‰�Š�ƒ�‡@…�“ ‡s†Œše©[·;‡�•�‰"ˆ�‡º•�“”„(ŠE‡@“”‡@‚�†Œ‡Y•,’n‡Yˆ�‡@šn‰�Š

–@Š�‰�’n’e‡@’.…�™&“ ‡s†�‰N…�­�õe‡Y–Y†n’@•?•‘•(‡Y©´‰�Š�ŠE…9·K†n•(‡°–"‰�ŠE–@‹(Š�‰�†Œ•E…�‚Ï…�™&–@‹(šlˆ�‰�†Œ‹(še‡”‰�‚(•´†Œ…�še’n•E…�‚´™c…�š.‰N–@‹(šlˆ�‡



÷Yø[ù]ú.û`ü9ýcþeÿ����cû����kþlú���þ
	où��
�������sÿ��������������sþ
���sú
	����������sÿlþ � !

"$#&%('�)*)+"$#-,.'�"$/0"$/21435"$67# #
89"$/;:�67<>=?"?@A67< 'CBEDF<-"G#
67<>BH"$:�'?IKJ+L78*#-'�/M"$N2)9'�#&@
L7'O67#
'P<&@ADQ:�< '�"?@
'

:�62< =?"?@A62<
'5R7)9D?@A#�ST)98*/7'�#+D$BU:P67< =?"?@
67<
'?SM'P@A:?I*S7@
LV67#W#
67R7R2)*XY89/7Z-@
DTDF)*#[BEDF<]\V6M"?)98*@�X^:�D$/V@
<
DF)_D?B�:P67< =$'�#

"$/71`#
62< BH"$:P'�#�I

J+L2'�# '�:PDF/71^"$R7R7)*89:�"
@A89D$/&89#K@
L7'W:�DF/7#>@A< 67:P@
89DF/aD$B�N7)9'P/71Tb�#
67<>BH"$:�'P#c@
L7<
D$67ZFLa=$"?<
8d"
@A89D$/M"$)V17'�# 89ZF/�I

e

/C@AL78*#+:�"$# '�%['567# 'f@AL7'�BE<A"?,^'g%[DF< h^@
D-DFN2@i"?89/C89/TBEDF<
,^"?@A8*DF/7#("$NjDF62@+@AL2'�N�DF62/71M"$<>Xk:�D$/7178*@
89DF/2#

BEDF<W"a/7'P%lN7)9'P/71789/2Z.# 67< BH"?:�'$Ij3�8*=$'�/O@AL7'mRjDF#
8�@A89D$/O"$/71`:�<
D$#
#W17'�< 8*=?"?@
8*=F'P#�"?@W@AL7'5NjDF67/71M"?< XFS7%('

ZF'P/7'�<
"?@A'n"^#
,.DYD$@AL`N7)9'P/7178*/7Z^# 67< BH"?:�'$I�J+L7'o@
DTD$)9#W17'P=$'�)*DFR�'P1pBEDF<W@AL7'5qM< # @�"?R7R7)98*:�"?@
89DF/O:�"$/pNj'

67# '�1aBEDF<r=Y89# 6M"$)98*s�8*/7Z�@
L7'+#
,.DTD?@AL7/7'P#
#tD$Bu@
L7'+<
'P#
67)�@A89/2Zf#
67<>BH"$:�'�"$/21&@ALV67#c17'P@
'�< ,^8*/7']8*@
#K\V6M"$)*8*@�XFI

J+L2'v)9"$# @w"$R7R2)989:�"?@A8*DF/x89)*)967#>@A<
"?@A'P#CL7Dy%z@AL7'QBE<A"?,^'g%[DF< h{:�"?/|L7'P)9R|12'�#
8*ZF/78*/7Z0/7'P%}# 67< BH"$:P'

#
:iL2'�,.'�#fBEDF<�#
:�"
@
@A'P<
'P1G1M"?@i"^89/~@A'P<
RjDF)d"?@
89DF/�I7J+L7'-R7< DFN7)9'P,•89#W@AD€qM/21Q"€#
,.DTD?@ALp# 67< BH"?:�'&8*/V@
'�<•b

RjDF)d"?@
89/7Za"-ZF8�=F'P/p#
'g@‚D?Br67/2DF<
Z~"?/789sP'�1`R�DF8*/~@A#�IMƒ�Z~"$8*/„S2@AL2'm=Y89# 6M"$)*89s�"
@A89D$/kD$Br@
L7'5#
,.DTD?@AL7/7'P#
#�D$B

@AL2'm8*/~@A'�< R�D$)d"?@
89/7Z&# 67< BH"?:�'589#]=Y8*@A"$)�BEDF<]@
L7'517'P=$'�)*DFR7,.'�/~@‚D?BrZFDYDY1O"$)9ZFD$<
8*@
L7,.#�I

J+L2'�L78*'�<
"$<
:iL78*:�"$)2# @A< 67:P@
67<
'�D$B�:�67<>=F'f"?/71^# 67< BH"?:�'�<
'�R2<
'�# '�/~@i"
@A89D$/7#(8*/aDF67<tBE<A"$,.'P%(DF< ha"$)9)*D�%W#

67#…@AD-"$R2R7)*Xa/7'�"$<
)�X^"$)9)MDFRj'�<
"?@A8*DF/7#…D$B_@AL2'�#
'f"$R7R7)*89:�"
@A89D$/7#K@AD-"?/VX.:P67< =$'�DF<(# 67< BH"?:�'$ITƒ‚#["n<
'P#
67)�@

89,.R7)*'�,.'�/~@A8*/7Zw@
L7'`"$R7R7)*89:�"
@A89D$/7#o%["$#aZF<
'�"?@A)�X†# 89,.R7)98�qM'�1„SUNj'�:�"?67#
'O@AL7'`"$)*ZFDF< 8*@AL2,^#m/7'�'P14/7D?@

17'�"$)j%W8�@ALk,^"$/~Xa#
Rj'�:P8d"$)j:�"?#
'�#PS7"$#…@AL7'gX^%('�< '�"$)*<
'�"?12X.LM"$/717)*'�1^89/^@
L7'f# R�'P:�8*q7:‚,.'P@AL2DT17#(D$B„@
L7'

BE<A"?,^'g%[DF< hQ‡H'?IˆZ2I717'�< 8*=?"?@
8*=F'P#W/7'�"$<+@
L7'5N�DF62/71M"$<>XCD$Br"a# 67< BH"?:�'y‰ŠI

Figure 2: Visualizing differential geometry: A helix with a curvature circle, a FrenÂet
frame, and a section of the torsion cylinder
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Figure 3: A B-spline surface with imposed color-coded Gauss-curvature
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3.2 Application 2: Constructing Blending Surfaces
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Figure 4: A BÂezier surface with curvature lines visualizing the direction of minimum
and maximum curvature at each point along the curve
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Figure 5: Two blend surfaces and their curvature plots
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Figure 6: A curvature plot the original surface, the curve network, the MNN inter-
polant, and its curvature plot
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